This paper considers the problem of estimating the state vector of uncertain stochastic time-delay systems, while the system states are unmeasured. The system under study involves parameter uncertainties, noise disturbances and time delay, and they are dependent on the state. Based on the Lyapunov-Krasovskii functional approach, we present a delay-dependent condition for the existence of a state observer in terms of a linear matrix inequality. A numerical example is exploited to show the validity of the results obtained.
Introduction
Uncertain stochastic time-delay systems have come to play an important role in many branches of science and engineering applications. Some recent improved research results pertaining to the analysis for stochastic time-delay systems have been reported; see [1] [2] [3] [4] [5] [6] and the references therein. It is well known that the dynamic behaviour of many industrial processes contains inherent time delays due to the distributed nature of the systems [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Both time delay and uncertainties are inevitable in real applications. Systems have difficulty keeping nice performances, because time delay and/or uncertainties often destroy the stability of systems. As regards being based on the size of the time delays of the systems, the criteria for time-delay systems can be classified into two groups: delay-independent criteria and delay-dependent criteria. Generally speaking, since delaydependent conditions make use of information on the length of the delay, they are less conservative than delay-independent ones. To obtain delay-dependent conditions, the main approaches consist of model transformations of an original system and the bounding technique [18, 19] .
On the other hand, the availability for direct measurements of all the state variables is rare in practice. In most cases, we need to estimate unmeasurable state variables. For this particular task, a state observer is more common, in order to accurately reconstruct the state variables of the systems [20] [21] [22] [23] [24] . The problem of observer design for uncertain stochastic time-delay systems has been investigated by many researchers. For example, the authors in [25] designed an exponent filter estimate state for stochastic nonlinear systems with time delay by using a high-gain observer-based approach. The authors of [26] investigated a stochastic system with process noises and sensor noises, and they gave a design method of observer minimizing the upper bound of an error variance. In [27] , the authors dealt with the output feedback sliding mode control for Itô stochastic time-delay systems. The delay-independent sufficient condition for the asymptotic stability in probability of the overall closed-loop stochastic system was derived. To the best of the author's knowledge, so far little work is available in the literature that addresses a delay-dependent condition of the existence of observer for uncertain stochastic time-delay systems.
This article considers state estimation for a class of Itô-type stochastic systems subject to time delay and parameter uncertainties. The system states are unmeasured. The stochastic system involves parameter uncertainties and time delay, and they are dependent on the state. The objective is to design a robust observer such that the dynamics of the estimation error is guaranteed to be asymptotically stable in the mean square. Attention is focused on the design of the gain matrix and the state-feedback controller. This paper derived an observer design method of uncertain stochastic time-delay systems by constructing a proper Lyapunov-Krasovskii functional and by making use of the free weighting matrix method. In [27] , the authors obtained some theorems, but conclusions are independent of time delay. Consequently, this will largely restrict the applying area of the conclusions. The innovation of this paper is that the delay-dependent sufficient condition for the existence of such a state observer for any admissible uncertainties is given. We present a new method to estimate the stochastic systems. Based on the new criterion, a delay-dependent condition for the existence of state observer is derived in terms of a linear matrix inequality (LMI), therefore it is in the sense of being conservative reduced. A numerical example is exploited to show the validity of the results obtained.
In this paper, we work on the complete probability space (Ω, F, P) with the filtration F t{t≥0} satisfying the usual conditions. R n and R m×n denote, respectively, the ndimensional Euclidean space and the set of all m × n real matrices. L 2 [0, ∞) is the space of square-integrable vector functions over [0, ∞). C 2,1 (R n × R + ; R + ) denotes the family of all nonnegative functions V (x(t), t) on R n × R + that are continuously twice differentiable in x and once differentiable in t. Let τ > 0 and denote by C([-τ , 0]; R n ) the family of continuous functions ϕ from [-τ , 0] to R n with the norm ϕ = sup θ∈[-τ ,0] |ϕ(θ )|, where | · | and · are the usual Euclidean norm in R n and the L 2 [0, ∞) norm, respectively. P > 0 means the matrix P is symmetric positive definite, the notation U > V , where U and V are symmetric matrices, means that U -V is a positive definite matrix. E(x) stands for the expectation of stochastic variable x, B T represents the transposed matrix of B, I denote the identity matrix of compatible dimension; moreover,
The shorthand diag{F 1 , . . . , F n } denotes a block diagonal matrix with diagonal blocks being the matrices F 1 , . . . , F n .
Preliminaries
Consider the following stochastic time-delay systems described in Itô's form:
where x(t) ∈ R n is the state, u(t) ∈ R p is the control input, y(t) ∈ R r is the measured output, τ is a real constant time delay satisfying 0 ≤ τ < ∞. ϕ(t) ∈ C([-τ , 0]; R n ) is a continuous vector-valued initial function, and ω(t) is a one-dimensional Brownian motion satisfying E dω(t) = 0, E dω 2 (t) = d(t).
Here, A ∈ R n×n , A τ ∈ R n×n , B ∈ R n×p , D ∈ R n×n , C ∈ R r×n are known real constant matrices of appropriate dimensions. Moreover, ΔA(t) and ΔA τ (t) are unknown matrices representing time-varying parameter uncertainties, and they are assumed to be of the form
where G, H 1 , H 2 are known real constant matrices and F(t) is an unknown time-varying matrix function satisfying
The parameter uncertainties ΔA(t) and ΔA τ (t) are said to be admissible if both (2) and (3) hold.
is said to be robustly asymptotically mean-square stable if for all admissible uncertainties (2) and (3) the following holds for any initial condition:
Remark 1 Uncertain stochastic time-delay systems in the form of (1a)-(1c) are common in many branches of engineering applications [1, 3, 5] . It is observed that, in system (1a)-(1c), parameter uncertainties, Itô-type stochastic disturbances and time delay are considered simultaneously, also they are dependent on the state. The aim of this paper is to design a state observer of system (1a)-(1c) such that dynamics of the estimation error is asymptotically stable in the mean square.
Before presenting the main results of this article, we first introduce the following several lemmas, which will be essential for later developments.
Lemma 1 (Schur complement [29] ) For a given the symmetric matrix X = X 11 X 12 X T 12 X 22 , the following conditions are equivalent:
Lemma 2 ([27]) Let G, H and F(t) be real matrices of appropriate dimensions with F(t) satisfying F(t) T F(t)
≤ I. Then, for any scalar ε > 0, we have 
Main results
We design an observer to asymptotically estimate x(t). Let us propose the following Luenberger-type observer [31] of the uncertain stochastic time-delay system (1a)-(1c):
where L ∈ R n×r is the observer gain to be designed later. From (1a)-(1c) and (4), the error vector e(t) = x(t) -x(t) can be expressed as
We introduce the following new state variable for convenience:
then we rewrite the systems (4) and (5) as
Next, we will analyze the stability of the observer system (4) and the error system (5) . We aim at designing a gain matrix and a state-feedback matrix such that the error systems are asymptotically stable in the mean square. In the following theorem, we present a delaydependent LMI condition for the observer design of the error systems with u(t) ≡ 0.
The state observer has the form of (4). If there exist matrices P > 0, Q 1 > 0, Q 2 > 0, N 1 , N 2 , N 3 , N 4 , and positive scalar ε > 0 satisfying the following linear matrix inequality (LMI):
then the error systems are asymptotically stable in the mean square, and the observer gain is given by L = P -1 Y .
By using Itô's formula [32] , we obtain the differential operator
By using the well-known Leibniz-Newton formula inequality, we have
Using the properties of stochastic integral, one has
Noticing Eq. (8), one has 
Furthermore, we can also obtain the following two inequalities from Lemma 3:
Adding the left sides of Eqs. (12) and (13) to LV (x(t), e(t), t), combining with (14) and (15), we have
where
with By applying the Schur decomposition result, we can see that Σ < 0 if and only if
Noting that pre-and post-multiplying by diag{I, I, I, I, I, I, P, P} and considering the condition (2) (3), we can write the matrix inequality (18) as Here 
Similarly,Ḡ = [(PG) 2,1 , (PG) 2,2 , (PG) 2,3 , (PG) 2,4 , (PG) 8, 5 , (PG) 8, 6 , (PG) 8, 7 , (PG) 8, 8 ], furthermore,F(t) denotes a block diagonal matrix with diagonal blocks being the matrix F(t).
Let L = P -1 Y . By utilizing Lemma 2 and the Schur decomposition result again, it follows that the matrix inequality (19) is implied by the LMI (9) for a scalar ε > 0, which guarantees that ELV (x(t), e(t), t) < 0. Hence, the trivial solution of the error system is asymptotically stable in the mean square.
Remark 2 A delay-dependent sufficient condition for the existence of the observer is given in Theorem 1. It is easy to see that the LMI condition in (9) is dependent on the length of delay and is less conservative than the delay-independent ones. The largest upper bound of the delay τ such that the LMI in (9) holds can be obtained by solving the following LMI problem:
max τ subject to ε 1 > 0, ε 2 > 0, ε 3 > 0, P > 0, Q 1 > 0, Q 2 > 0 and the LMI (9).
Next, we consider the state-feedback-based controller problem for the stochastic timedelay systems (1a)-(1c). A delay-dependent LMI technique will be developed in order to obtain the state-feedback observer. The following theorem shows that the controller is reachable in the stochastic theory.
Theorem 2 Consider the uncertain stochastic time-delay system (1a)-(1c). The state observer has the form of (4). If there exist matrices P > 0, Q 1 > 0, Q 2 > 0, N 1 , N 2 , N 3 , N 4 , and positive scalars ε > 0, σ > 0 such that the following LMI is satisfied: 
with
then the overall closed-loop stochastic time-delay system is asymptotically stable in the mean square. In this case, the observer gain is given by L = P -1 Y and an appropriate robust stabilizing state-feedback controller can be chosen as u(x) = Kx(t), K = σ -1 B T P.
Proof Applying the controller u(x) = σ -1 B T Px(t) to the system (4), and similar to the proof of Theorem 1, we can obtain ELV (x(t), e(t), t) < 0 if LMI (20) is satisfied. It implies that the trivial solution of the closed-loop system is asymptotically stable in the mean square.
Theorem 2 provides a delay-dependent sufficient condition for the existence of the robust observer of uncertain stochastic time-delay systems by state feedback. A desired gain matrix and state-feedback controller can be obtained by solving the LMI (20) .
Remark 3 In [33] , the state estimation method is given for a class of stochastic systems, but the stochastic disturbance is independent on the system state. However, the stochastic disturbance of uncertain systems we investigated in this paper is state dependent. In [34] , the disturbance-observer design method is given for time-delay uncertain systems, and the considered uncertainties do not contain stochastic disturbances by Brown motion. The systems in this paper include not only parameter uncertainties but also a stochastic disturbance, it is derived that the closed-loop system maintains good stability despite the presence of parameter uncertainties and a stochastic factor by Brown motion. Then the method of this paper has some advantage in convergence property, the proposed method can be applied to a more general class of nonlinear systems.
Simulation study
In order to illustrate the usefulness and flexibility of the theory developed in the above section, we present a simple numerical example in this section. We can see that the system is stable without parameter uncertainties and stochastic disturbances in Fig. 1, but from Figs. 2-4 , the parameter uncertainties and stochastic disturbances makes the stability of the system decline. In [35] , Higham gives a numerical simulation algorithm for the system with stochastic disturbances. Now, by using a similar approach, we take the initial parameters as x(t) = (1 -1 0.5) T ,x(t) = (-1.5 1 -1.5) T , t ∈ [-0.2, 0], the simulation time t ∈ [0, T] with T = 10, δt = T/N , with N = 10 4 , step size t = Rδt with R = 5. Figures 5-7 show the average trajectories over eight paths of x 1 (t), x 2 (t) and x 3 (t) and their estimates, respectively. From the figures, we can see that the simulation result is satisfactory. The control performance of the state and parametric estimation is still very well despite the presence of the stochastic factor.
Conclusions
This article considers the estimation of the state vector of stochastic systems with time delay and parametrical uncertainty. The delay-dependent sufficient conditions for the ex- istence of the observer are given. Also, the desired gain matrix and state-feedback controller are constructed by solving certain LMIs, which can be implemented by using the LMI control toolbox. Moreover, one can readily obtain the delay-dependent results on the existence of an observer for the uncertain stochastic time-delay system. The numerical example has demonstrated the effectiveness of the proposed method.
